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Variable-domain Integral Weak Solution Theory for Deep Learning Methods
Solving Differential Equations with Discontinuous Coefficients
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2. Science and Technology Committee of China National Nuclear Corporation, Beijing 100045, China;

3. College of Computer Science (School of Software and School of Artificial Intelligence), Sichuan University, Chengdu, Sichuan 610064, China)
Abstract The weak solution theory of differential equations has been widely adopted as a classical framework for solving
discontinuous coefficient problems in both scientific research and practical engineering applications. While deep learning
methods have recently demonstrated remarkable progress in solving differential equations, significant challenges remain when
applying conventional weak solution theory to discontinuous coefficient equations within these methods due to the
singularities of the equations at discontinuities. This paper presents a novel Variable-domain Integral Weak Solution theory
(VIWS) specifically designed for deep learning approaches. Departing from traditional fixed-limit integration by parts
methods, the proposed theory establishes a variable-domain integral weak formulation that accommodates the global sampling
characteristics essential for deep learning computations. We provide complete derivations for both general and specific forms
of representative differential equations, along with a comprehensive deep learning solution framework based on this
formulation. Through multiple typical numerical examples, we demonstrate that the proposed theory achieves high accuracy
and applicability, thereby establishing a new technical pathway for numerically solving differential equations with
discontinuous coefficients.

Key words discontinuous coefficients; differential equations; weak solution form; variable-domain integral; deep learning
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Table 1. Numerical solution results for one-dimensional first-order differential equations

Jiidi VIWS cPINN PINN
MSE 9.8704E-11 9.2024E-11 4.0252E-10
MaxAE 2.0981E-05 1.8259E-05 4.3392E-05

MAE 7.0161E-06 8.3534E-06 1.3734E-05
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Fig.1 Comparison of numerical and analytical solutions and absolute error distributions for (a) VIWS, (b) cPINN, and (c) PINN methods applied to
one-dimensional first-order differential equations; (d) Primitive function of the VIWS method; (e) Training curve of the VIWS method.
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Table 2. Numerical solution results for two-dimensional second-order differential equations
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Table 3. Numerical solution results for diffusion equations with partially dimension-discontinuous coefficients
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MSE 3.0411E-05 3.0826E-05 1.1796E-02
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MAE 3.6166E-03 3.1704E-03 6.8369E-02
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Fig.4 Numerical results of VIWS method for fixed-source neutron diffusion equation: (a) Comparison between numerical and analytical solutions; (b)
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Table 4. Errors for fixed-source neutron diffusion equation
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